Deep Generative Learning via Schrodinger Bridge
Supplementary Material

A. Proofs
A.1. Proof of Theorem 1

Theorem 1 (Léonard, 2014) If p,v < £, then SBP
admits a unique solution Q* = [*(Xo)g*(X1)P,
where f*, g* are £-measurable nonnegative func-
tions on R satisfying the Schrodinger —system

{ FFX)Ep, [¢° (X1) | Xo=x] = & (x), £ —ae.
g (¥)Ep, [f* (Xo) | X1 =y] = 72(y), £ —ae

Proof: Theorem 1 follows from (Léonard, 2014). O

A.2. Proof of Theorem 2
Theorem 2 (Dai Pra, 1991) Let
u; = 7v; = 7V log g+(x)

(1)
:Tvx IOg / hT (ta X, 1a y)gl (y)dy

Then,
'
ui () € argmigE | [ P

S.1.

dXt = lltdt + ﬁdwt,

(2)

X0 ~ q(x), x1~ p(x).
Proof: Theorem 2 follows from (Dai Pra, 1991). O
A.3. Proof of Theorem 3
Theorem 3 Define the density ratio f(x) = @q\‘f&). Then

for the SDE
dx; = 7VI1og By - [f(x¢+V1 — tz)|dt++/Tdw; (3)

with initial condition xg = 0, we have X1 ~ ¢, (X).

And, for the SDE
dx; = 0?Vlog 4T (x¢)dt + odw, 4)

with initial condition xXg ~ g, (X), we have X1 ~ Pdata(X).

Proof: Denote

fo(x) = (%), a1(y) =9"(y),

fily) = Ep, [f* (Xo) | X1 =]

- / he (0,5, 1, ) fo(x)dx,

go(x) =Ep, [¢" (X1) | Xo =x]
= /hT(Oaxalay)gl(y)dy

Then, the Schrodinger system in Theorem 1 can also be
characterized by

q(x) = fo(x)g90(x), p(y) = f1(y)o1(y) S))

For Eq. (3), let fo(x) = do(x) be the Dirac delta function,
fl(Y) = th(O?X’ Ly)fO(X)dX = (I)\/?(Y)v gl(x) =
@qé)(c))c) = f(X), 90(0) = fh‘r(o7071ﬂy)gl(y)dy =1L
Then f;,g;, i = 0,1 solve Schrodinger system (5) with
q = 90, p = ¢o. Define

513) = [ el 1,9)01(3)dy = By [F3)
= VT = tEa [f(x + VI~ 2)].

By Theorem 2, u*(x) = 7V log g:(x) solves the optimal
control problem min, ey E { fol 3l ||2dt} such that

dXt = utdt + ﬁdwt
Xo ~ 0o, X1~ Go(X)

i.e., the dynamic of Eq. (3) will push d¢ onto ¢, from ¢t = 0
tot =1.

For Eq. (4), let fo(x) =1,
£13) = [ a0 13 folx)dx = 1
gl(x) = pdata(x)» QO(X) = fh'0'2 (07X7 17Y)91(Y)dy =

4o (x). Then, f;, g;, i = 0,1 solve Schrodinger system (5)
with ¢ = ¢, p = Pdata and 7 = o2, Define

gu(x) = / hoa (6%, 1,¥)g1 (9)dy = 4=z (X).

By Theorem 2, u*(x) = 02V log g;(x) solves the optimal
control problem ming,ey E [ fol %||ut||2dt} such that

dXt = utdt + O'th
Xp ~ QU(X)v X1~ pdata(x)

i.e., the dynamic of Eq. (4) will push ¢, onto pgata from
t=0tot =1. O
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A.4. Proof of Theorem 4

Theorem 4 Assume that the support of Pdata(X) is con-
tained in a compact set, and f(x) is Lipschitz continuous
and bounded. Set the depth D, width W, and size S of
NN 4 as

D = O(log(n)), W = O(n7@ / log(n)),

S= O(n%g log(n)™3).

Then B[ f(x) — F&E) L2 (panea)] — 0 @as n — 0.

Proof: Recall that

f(x) = exp(Fy(x)), (6)

where 7, € NN is the neural network that minimizes the
empirical loss:

Fg € arg minr¢eNN¢ﬁ(r¢), where L(ry) =

3 llog(1 + exp(—ro(%:))) +log(1 + exp(ro i),
- ™

X1, ..., Xy, are i.i.d. samples from ¢, (x), and z1, ..., z,, are
i.i.d. samples from ® ,-(x). Note that f(x) = exp (r*(x))
with

r* € argmin, L(r),
where L(r) = E; (x)log(l + exp(—r(x))) +
Eg _(x)log(1 + exp(r(x))).

Theorem 4 follows by showing [|7g — 7*| 2(pyua) — 0
as n — oo. By the assumption that r*(x) is Lips-
chitz continuous on a compact set and bounded, we use
L, and B; to denote its Lipschitz constant and the up-
per bound. Without loss of generality, we use I =
[~C,C]¢ to denote its domain. By Lemma 1 (given in
A.6) with L = logn, N = nmid)/log n, there exists a
7y € NNy with depth D = 12logn + 14 + 2d, width
W = 3d+3 max{d(n%ﬁd) /log n)é,nm’id) /logn + 1},
and size S = nz%rg/(log4 n), B = 2By, such that

176 = 7| L2 (pynen) < 38L1CVdn~ 72, (8)

Using Taylor expansion and the boundness of 7, € NN,
and r*, it is easy to show that L(ry) — L(r*) is sandwiched
by |7 ie,Vry e NNy

2
L2 (pgara)

Crllre = 11122 oy < Llrg) — L(r7)

&)
< Cy8|re

2
=722 (pgara)

Then,
2, < L(Fy) — L)
=£(r¢) L(7g) + L(7g) — L(7)
+ L(7y) — L(Fg) + L(7g) — ()
<2 sup |L(r) = L(r)|+
reNNg
<2 sup |L(r) — L(r)| + 38Co gL CVdn~ 72 (10)
reNNg

where we use the definition of 74, 7*, and 7y, as well as (8)
and (9). Next, we finish the proof by bounding the empirical
process term in (10). Let O = (X, z) be the random variable
pair, with X ~ pdata, 2 ~ @ /7, and {O;}7_; be n ii.d.
copies of O. Let o = (Z,z) € R? x R? be a realization of
O, and define

b(r,0)

It is easy to check that b(r, o) is 1-Lipschitz on r, i.e.,
—7(@)] + |r(2)

Let O; be a ghost i.i.d. copy of O;, and o;(¢;) be the
i.i.d. Rademacher random (standard normal) variables that
are independent with O; and O,, ¢ = 1,...n. We need the
following results (12)-(13) to upper bound the expected
value of the right hand side term in (10).

L) <

— log(1 + exp~"™) + log(1 + exp”)).

[b(r, 0) = b(7, 0)| < |r(Z) —7(z)[. D

Eo,yr  [sup|L(r) — O(GWN)), (12)

where G(NN) is the Gaussian complexity (Bartlett &
Mendelson, 2002) of NN, defined as

GNN) =E(o,e17l Sﬁ/}-@wI*;Gz (r, O4)]].
Proof of (12).
Obviously,
L(r) = Eo[b(r,0)] = ~Eg [b(r, 0,)],
and
lzb
n
=1
Let
RNN) = *]E{o o,}n[ sup |Zaz (r, 04)]]

reNNy 5

be the Rademacher complexity of N\ (Bartlett & Mendel-
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son, 2002). Then,

Efo,yr, [Slrlp 1L(r) — L(7)]]

—E(o,y:lsup| Y (26, b, 01)) — b(r. O]

1 ~
< Bo, 5,y 50 b(r, 0:) — b(r, O]
1 n

=—E(0,.6,0,}: [500 | Z 0i(b(r, 0:) = b(r, 0;))|

IE3{0 o} SUP|ZUz 7, 0;)]]

i=1
1 -
+ B (8,0 BUP ; aib(r, 0,)]]
—2R(bo NN)
<AR(NN)
O(G(NN)),

where the first inequality follows from Jensen’s inequal-
ity, and the second equality holds since both o, (b(r, O;) —
b(r, 0;)) and b(r, 0;) —b(D, O;) are governed by the same
law, and the last equality holds since the distribution of the
two terms are the same. In the third inequality, we use the
Lipschitz contraction property of Rademacher complexity,
see Theorem 12 in (Bartlett & Mendelson, 2002) and (11).
The last inequality holds since the relationship between the
Gaussian complexity and the Rademacher complexity, see
for Lemma 4 in (Bartlett & Mendelson, 2002).

Next, we bound the Gaussian complexity.

GINN) <
n n Lo m
O<B\/ DSlong DSlogSeXp( log DSlogS))'
(13)
Proof of (13).

Since NN is closed under negation,

GNN)

ZEZ b(r, O;)

0:)][{O0: 4]

=EBowanl 5w
S Pl

Conditioning on {O;}_, Vr, 7 € NN, it easy to check

n

Ve, [% D eilb(r, 0:) ~ (7, 01))) = W

where

B 1
dnw(r,7) = NG

Denote €(NN, dprar, 6) as the covering number of NN,
under the metric dar - with radius 6, and let Pdim s as be the
Pseudo-dimension of NN . Since the diameter of NN,
under dr s is at most B, we have

GNN)

B
<Rl ViREVN v )]

¢ B
<T=Bion | lor @Ay 508

2eBn
P 1
_f/ \/ dimas s log 5Pd1m,\//\/d5

/ n n
< log 1 S TR —
B Pdlm/w\/ (PdnnNN) xp(~ log (PdimNN))
n n 9 n
< 1 —log® ————
scB \/ DSlogS % DS log S exp(~log DS logS)’

where c is a constant which may vary on different places,
the first inequality follows from the chaining Theorem
8.1.3 in (Vershynin, 2018), the second inequality holds
due to E(NN, dprpr, §) < NN, dy a0, 0), We use the
relationship between the metric entropy and the Pseudo-
dimension of the ReLU networks NN, (Anthony &
Bartlett, 2009) in the third inequality, i.e.,

2eBB
log ENN, dy w0, 0)) < Pdimp log %

the fourth inequality follows by some calculation, and the
last inequality holds due to the upper bound of Pseudo-
dimension for the ReLU network N\, satisfying

Pdimpany = O(DSlog S),

see (Bartlett et al., 2019).
Finally, by (10)-(13) and the choice of D, WV and S, we get
E[[[fg — r*)|2.] < O(n~7) = 0 as n — oo. O
A.5. Proof of Theorem 5

Theorem 5 Assume that pyata(x) is differentiable with
bounded support, and ¥V log q5(x) is Lipschitz continuous
and bounded for (5,x) € [0,0] x R%. Set the depth D,
width W, and size S of NNy as

= O(log(n)), W = O(max{n /log(n), d}),

S= (’)(dn%g log(n)™?).

Then E[[|Vlog 5 (x) —
m,n — 00.

Vlog ¢s(x)[l2llz2(q)] — 0 as
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Proof: We give the proof for the fixed ¢ case. The case
that & vary in a interval can be treated similarly. Recall that
. 1 2

s* € arg mlnngqu& ) lIs(x) = Vx log gz (x) ||

is equivalent to s* € arg min L(s),

1 z |2
where £(S) = iEXNPdam(x),ZNW(UﬁQI) HS(X + Z) + ?H .
Since VTO;]‘}(X> = §p(x;5) (we use $yg(x) to denote

So(x; &) for short), where

S € argming, ¢ nrar, £(S0),

ﬁ(se) = > |lse(xi +2;) + 2 2
samples from pqata, and z; are 11 d.
i =1,...,n. What we need to prove is

/(2n), x; are i.i.d.

samples from ®;,

Ex, 2 [ll8" = Soll2l1Z2 4]
=Ex, 2, [Ex~g, [[Is* (%) — 86 (x)|I°]] = 0

as n — o0o. Since the functional £ and £ are both quadratic,
it is easy to conclude that

B, [IIs* (%) = 80(x)[%]

o paaiaands [I87 (X +2) — 89(x + 2) %]

=L(89) — L(s")

=L(89) — L(89) + L(80) — L(s0)
+ L(s9) — L(S0) + L(89) — L(s)

<2 sup |£(s) ~ L(8)] + Exwg, [[[S0(x) — s"[13]
sENNy

<2 sup |£(s) ~ £(&)] +_ iut By [[5903) ~°[B),

(14)

where we use § as a minimizer and § as an arbitrary element
of NN in the first inequality, and we take infimum over
S € NNy in the second inequality. We need to bound
the two terms on the right hand side of (14). The terms
infsennry Exa, [[180(x) — s*[13] and supse v, [£(s) —
L(s)| are the so called approximation error and statistical
error. They can be bounded by using the similar technique
when we prove (8) and (10), respectively. Here we directly
give the bounds and omit the details. By setting,

D = O(log(n)), W = O(n?®"® / log(n)),
S = O(n™¥ log(n)~3).
Then

inf Exeg, [|I50(x) — s¥[3] < O(dn~72),
]

SENN

2

L(s)] < O(n~ 7).

Thus, Theorem 5 follows by plugging these above two dis-
plays into (14) and setting n — co. (]

sup [L(s) —
sEN/\fg

Theorem 6 Under Assumptions 1-4,
E[Ws(Law(xn, ), Pdata)] — 0, as n, N1, Na, N3 — oo,

where Wy is the 2-Wasserstein distance between two distri-
butions.

Proof: Recall that

ViegEswe . [f(x + V1 —tz)],
DQ(t, X)

D1 (t, X) =

= Vlogq, /=, (%),
and

B3
2T

ho’,T(XhXQ) = eXp < )pdata(xl + 0X2>-

We recall the assumptions

Assumption 1 supp(pdata) is contained in a ball with ra-
dius R, and pgata > ¢ > 0 on its support.

Assumption 2 || D;(t,x)[|2 < Ci(1 + |x|?). ¥x €

supp(Pdata), t € [0, 1], where Cy € R is a constant.

Assumpti0n3 HDi(tlaxl) — D (tQ,Xg)H 02(||x1 —
Xo|| + |t1 — t2]'/?), Vx1, %2 € supp(pdata), 1, t2 € [0,1].
C5 € R is another constant.

Assumption 4 h, -(x1,X2), Vx, hor(X1,X2), Ddata and
VPdata are L-Lipschitz functions.

Some calculation shows

Dl(t?x) = VIOgEzrwbﬁ[f(X—i_ Vv 1- tz)}
:Ezwéﬁ [f(x+ V1 —1tz)Viog f(x+ 1 —tz)]

Ezwq,ﬁ[f(x—&—\/l—tz)] ’
(15)

and

Vlog f(x) (16)

Let Dy (t,x) be an estimated version of D; (,x) by replac-
ing f(x) and Vlog f(x) = Vlog ¢, (x) 4+ x/7 with f(x)
and §y(x; o) + x/, respectively. By Theorem 4 and 5, we
know that

= Vlog g, (x) + x/T.

Dy(t,x) — Di(t,x) as n — oo.
Similarly, we know that

Dy(t,x) = 89(x; V1 — to) = Dy(t,x), as n — oo.
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Recall that the iteration of state 1 in our Schrodinger Bridge Recall the definition of x;, in (17) and X} in (19). We have
algorithm reads

x5k — Xgll5
<lxk-1 — Xe—1ll3
Xpt1 = X + Lb(tk Xi) + L e 2
k+1 = Xk ) s
N VA am (Dt Xm) - b ) e
x0=0, k=0,..N; — 1, 1

-
2— 1 — X
+ NIHXk 1 k—1]|2

where D1 (-1, Xi—1) — bltp—1, xp-1) |2
<L+ 7/N) [ X1 — xp-1 13

b(te ) = 2im) f(;zi)[sa(fvi, o)+ VO-t)/ral x  + /Nt % /N?)

>yt f (%) T N Dy (b1, Xg—1) = btr—1,x6-1)l5

<L+ 7/N)|[ X1 — xp-1 13

% = Xk + Ttz i = 1,.,2Ns, tp = £, +2(7/Ny + 72/NY)

{2;}2%, and €, ~ A4(0,1). Note that b(t, x) is a Monte D1 (b1, Xpp—1) = D (b1, xx-1)|13

Carlo version of D (¢,x) and converges to it as the number +2(1/Ny + 72 / Nf)

of samples N3 — oo. Then, V(t, x) D1 (bt X5 1) — bt 1, x5 1) |12

<14 7/N)|| X1 — %513

b(t,x) — D;(t,x) as n, N3 — 0. (18) +2C5(7/Ny + 72 /N2) || X1 — xp_1]2
+2(1/Ny + 72 /N?)o(1)
By Assumption 1 and Assumption 4, we can show that =(1+7/Ny +2Co(1/Ny + 72 /N || Xp—1 — Xp_1]|2

the above consistency results hold uniformly for (¢,x) €
[0, 1] X supp(pdata)- The Euler-Maruyama method for solv-
ing for SDE (3) with step size s = 1/Ny, t;, = k/N; reads

+2(7/Ny + 72 /N?)o(1).

where the third inequality holds by Assumption 3 and (18).
Taking expectation on the above display, we get

T T
X1 = Xpp + EDl(tkan) + \V N (19) E[llxx — X&3)
Xo _ 07 E— 07 ...,Nl 1 S(]. + T/N1 + 2CQ(T/N1 + ’7'2/N12))]E[HX]€,1 - Xk,1||%]

+2(1/Ny + 12 /N#)o(1).

Under our Assumptions 2 and 3, SDE (3) admits a strong ~ From the above display and the fact that xo = Xo = 0, we
solution and (22)-(23) in Lemma 2 hold (see A.6). By the  can conclude that
classical theory of Euler-Maruyama methods for solving
SDEs (Higham, 2001), E[llxr — X&l13]
<2(k — 1)(1/Ny + 72 /N%)o(1) < 2(1 + 7% /N1)o(1),

V1<k<Nj.
Wa(Law(Xn,),qs) = O(1/4/N1) = 0 as N; — oc. =r="1

Thus, we have
Using the triangle inequality, we prove Wy (Law (X, ), Law(xpn, ) — 0, as n, N3 — oo. (21)

The consistency results (20) for the first stage in Schrodinger
Bridge algorithm has been established. For the second stage,
the iteration reads

Wa(Law(xn,),qs) — 0 as n, N3, Ny = oo, (20)

by showing 2 § -
= + R + - ,
X1 = X+ 5 (xx) mek

Ws(Law(xn, ), Law(Xp,)) = 0 as n, N3 — oc. k=0,..,N2 —1,x0 = Xp,,
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where b(x;) = Sg(xg, /1 — N%a) and €, ~ A4(0,1).
The Euler-Maruyama method for solving for SDE (4) with
step size s = 1/Ny, t) = k/Ns reads

X X+ 2D (trs Xi) + 1/ —

= —_— . —€
k+1 k Ny 2\Vky, Ak Ny ks
Xo~qy, k=0,....,Ny— 1.

Then, the consistency results of the second stage can be
proved similarly by repeating the part between Equation
(19) and Equation (21) and using the consistency results of
the first stage, we omit the details here. O

A.6. Additional Lemmas

Lemma 1 Let f be a uniformly continuous function de-
fined on E C [—R, R For arbitrary L € N* and N ¢
N*, there exists a function ReLU network fys with width
3¢ 3 max {d [N'/?| N + 1} and depth 12L + 14 + 2d
such that

1 = Folloom) < 19Vdwf (2RN-2/1L72/1),

where, w}; (t) is the modulus of continuity of f satisfying
wi(t) = 0ast — 07

Proof: This is Theorem 4.3 in (Shen et al., 2019). O

Lemma 2 Let x; be the solution of SDE (3). Under As-
sumption 2, we have

E[|[x:]|3] < Cyraexp(T?t), Vt€[0,1], (22)

E [|Ixe, — xu,113] < Coral(tz — 1) + (t2 — t1))

" (23
Vti,ts € [0,1]. 23)

Proof: By the definition of x; in (3), we have ||x:||2 <
Je D1 (6, x¢)|2d¢ + /7|[w¢ |- Then,

2
+ 27| wif3

t
e < 27 ( / ||Dl<f,x«>||2cw)
0
t
<2r%t [ D16 x|t + 27wl
0
t
<or% / Culllxe|2 + 1]de + 2r w2
0

where the first inequality holds due to the inequality (a +
b)? < 2a? + 2b2, the last inequality holds by Assumption 2.
Thus,

t
E[[lx3] < 27275/ Cr(E[[|xe||3] + 1)dl + 27E[||we 3]
0

t
527201/ E[||x(||2]d¢ + (272C + 27d).
0

Then, (22) follows from the above display and the Bellman-
Gronwall inequality.

Again, by the definition of x; in (3), we have

ta
It — e, 12 < / 711D (e, €) 208 + v/7 ][ wey — iyl

t1

Then,

”th — Xty ||%
2

ta
<o ([ 100G Ot )+ 27w, = wi

ty

ta
<2r(t2— ) [ D1, 1A + 27w, — w3
t
s
<27tz —t1) | Culllxell3 + 1)dl + 27| we, — we, |[3,
ty
where the last inequality holds by by Assumption 2. Taking

expectations on both sides and using (22), we get (23). U

B. Hyperparameter Settings

For the two-dimensional toy example, we set batch size to
be 1000, and use the Adam optimizer (Kingma & Ba, 2015)
for both the score estimator and the density ratio estimator.
We use learning rate I = 0.0001 and exponential decay
rates betas = (0.5,0.999) for the moment estimates when
training the score estimator, and use [r = 0.001, betas =
(0.5,0.999) and L2 penalty weight_decay = 0.1 for the
density ratio estimator. For the image datasets, the batch
size is 128 for both networks. We use Ir = 0.0001, betas =
(0.9,0.999) and eps = 10~® for the score estimator, and
Ir = 107>, betas = (0.5,0.999) and weight_decay = 1.0
for the density ratio estimator.

C. Network Architectures

The score estimator Sy (-, -) and the density ratio estimator
f(-) = exp(74(-)) are parameterized with fully connected
networks for the 2D example. The details are listed in Tables
1 and 2.

Table 1. Sp for 2D example. T represents the sinusoidal embed-
dings (Vaswani et al., 2017) of time ¢.

LAYER DETAIL OUTPUT SIZE
FuLLY CONNECTED LINEAR 256
ADD LINEAR; (T) 256
RELU 256
FuLLY CONNECTED LINEAR 512
ADD LINEAR:(T) 512
RELU 512
FuLLY CONNECTED LINEAR 2
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Table 2. #4 for 2D example.

LAYER DETAIL  OUTPUT SIZE
FuLLY CONNECTED LINEAR 256
RELU 256
FULLY CONNECTED LINEAR 512
RELU 512
FULLY CONNECTED LINEAR 1

For image datasets, we parameterize the density ratio esti-
mator with a residual network. The structure of 74 is list in
Table 3. Our choice of network architecture for Sg follows
the implementation of the noise predictor €y in (Song et al.,
2021) which is a U-Net (Ronneberger et al., 2015) based on
a Wide ResNet (Zagoruyko & Komodakis, 2016).

Table 3. 7y with 32 x 32 x 3 resolution.

LAYER DETAIL OUTPUT SIZE
COoNV BLOCK CONVH x5 32x32x 128
RELU 32 x 32 x 128
RESIDUAL BLOCK CONVH x5 32x32x128
RELU 32 x 32 x 128
RESIDUAL BLOCK COoNV3 x3 32x32x128
RELU 32 x 32 x 128
RESIDUAL BLOCK CoNV3 x3 32x32x128
RELU 32 x 32 x 128
CoNVv BLOCK CoNv3 x3 32x32x128
RELU 32 x 32 x 128
FuLLY CONNECTED LINEAR 1

D. More Implementation Details

When training f(x), we substract an estimated image mean
X from samples in pqat, to center the data distributions at the
origin. The data pre-processing is slightly different when
training Sy (x), where the samples x from pq.t, are only
rescaled to [—0.5,0.5]. We match the output §g(x + z, o)
with % instead of —Z in the denoising score matching
objective. To make our algorithm be correctly implemented,
we shift the input by adding X — 0.5 when using $¢(x), and
adjust the sign of the output accordingly.

For image generation, there exist very small noises in the
generated samples. To eliminate the negative effects induced
by noises, we run one additional denoising step after stage
2, by repeating the last step without injecting any noise:

o2 . 1
XN, = XN, + Ft;b(x]vz), b(-) = 8(-, 4 /EUO).

We use one Tesla V100 GPU to run the experiments on

CIFAR-10, and one RTX 6000 GPU to run the experiments
on CelebA.

E. Additional Experiment Results

Here we first list the quantitive results with o2 €
{0.5,2.0,5.0}, where results with 02 = 1.0 are already
presented in the paper. We compare the results with differ-
ent 7 values starting Tyin = o2. The results are presented
in Tables 4, 5 and 6.

Table 4. FID and Inception Score on CIFAR-10 with o2 = 0.5.

T 05 1.0 15 20
FID 46.59 19.57 1873 20.86
IS 592 783 813  8.09
T 25 30 35

FID 21.28 21.03 20.40

IS 8.05 7.98 8.00

Table 5. FID and Inception Score on CIFAR-10 with 6% = 2.0.

T 20 25 30 35
FID 2892 2237 14.52 12.45
IS 7.06 750 797 798
T 40 45 5.0
FID 1227 1258 12.87

IS 7.91 7.86 7.81

Table 6. FID and Inception Score on CIFAR-10 with 6% = 5.0.

T 50 55 60 65
FID 17.80 17.52 18.24 16.46
IS 7.67 768 7.66 7.8
T 70 75 80

FID 1571 1545 1541

IS 7.64 7.62 7.59

Next we demonstrate that our algorithm is still effective
with less discretization steps. The additional results show
that our algorithm can be largely accelerated, maintaining
almost the same performance, as shown in Table 7.
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Table 7. Quantitative evaluation with different discretization steps.
We let the numbers of discretization steps of two stages be the
same as N1 = No = N.

N 100 200 500 1000

FID 14.87 13.59 12.85 12.32
IS 7.94 8.02 8.02 8.14
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